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Synopsis 
The paper pr esents a Newton-Raphson method 
for the analysis of eable net s true tures in whie h 
some of the members exhibi t elasto - plastie behaviour. 
It is prGsumed that an ini tial eabl e net equ ilibrium 
position has been found and that fu rther loads are 
app lied to a portion of the net so that some member 
forees exeeed the elasti e limit of their load-
defleetion eurve . Th e paper deser i bes a deviee for 
stabilizing t he non- linear itera tio n proeedure whieh 
is found to be greatly influeneed b y t he b e haviour 
of the elasto- p lastie members . 
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1. INTRODUCTION 
In recent years, high strength cables have been used in 
the construction of many large span roof structures (e.g. the 
shell roofs of Munich Olympic Stadiums, which were designed 
using analysis techniques developed by Professor J.H. Argyris 
(Ref.l) and his colleagues at the Institute for Statics and 
Dynamics in Stuttgart). 
The main thrust of current analytical development has 
been directed toward the determination of cable structure shapes 
and the dynamic behaviour of cable networks. As yet , the 
collapse mode has not rec eived much attention in the literature . 
In this Research Report, the elasto-plastic action of 
cable net structures is investigated to determine overload 
behaviour and factors of safety against collapse. 
1.1 LITERATURE REVIEW 
The elastic analysis of cable net structures and shape-
finding procedures is well documented (Ref.l). A resume of the 
theory for calculating the tangent stiffness matrix for a member 
is given in Appendix B. 
Whereas shape-finding procedures for elastic structures 
tend to be fairly well conditioned (be cause certain node dis-
placements are generally pre scribed, and others adjust t o e qui l-
ibrium positions), the non-linearities associated with elasto-
plastic behaviour raise the expectation of instability in 
analytical procedures. Elasto-plastic behaviour of cable nets 
has been investigated by a f ew researchers in the early part of 
this decade (Refs, 2 , 3,4,5). In the ir rec omme nde d solutions, 
these researchers make little me ntion of i nstabi l i ty and c on-
vergence problems, although their elaborate discussions of 
accelerating. procedures suggest that such problems have been 
encountered. 
In Ref . 2, Greenberg uses a c onve rge n ce accelerator as 
follows. Whe n a loa d is applied, a deflection r 0 i s calculated 
using the tangent stiffne s s. The s t iffness matr ix is t hen 
a ssembled for the deflected positi on, and the new deflection 
for the next iteration is taken to be 
where, r 0 
2 
r (1) 
original deflection 
main diagonal term of the second stiffness 
matrix 
Greenberg's procedure reduces the number of iterations, 
but increases the computation time per iteration. It is suitable 
for the ove rshoot and correction approach to equi librium, but not 
for the monotonic approa ch presented in this Report. Greenberg ' s 
approach is to use the tangent modulus for yielded members and 
incremental loading. He does not mention any problems with 
unstable iterative paths. 
In Ref. 3, Jonatowski and Birnstiel again use Newton-
Raphson iteration on the direct stiffness method. Non-linear 
load deformation beha v iour on both be ams and cables i s taken i nto 
account. No convergence problems are mentioned, but the 
description of the method of solution is brief and although it is 
presumed that the tangent stiffness is used, it is not specifically 
stated. Incremental loading is used so that convergence problems 
may be eliminated by reducing the load step size. 
I n Re f. 4, Baron and Venkatesa n de al only with elastic 
membe rs. However, they do invest i gate the use of tangent and 
secant moduli of elasticity in a n effort to improve convergence. 
The approach is Newton-Raphson iteration on the direct stiffness 
method. As well as using the tangent st i ffness, the authors use 
the structure s e cant s tiffne ss, the t ange nt sti f fnes s at no load, 
a nd a l s o combination s o f t hese , e .g. usi n g the secan t stiffnes s 
and tan ge nt sti ffness o n a lte rnate i t e rations. Me mber y iel d i ng 
is not considered and the origin point for the secant modulus is 
the zero load - zero deflection point for the structure. 
Combinations consist of using a different one of t h e moduli in 
succe s s i ve ite r ations, a nd t here is no averaging of stiffnes s e s. 
The t a ngent s ti ffness appears to g i ve t he be st c onver gen c e . 
I n Re f. 5 , Saafan describe s hi s program f o r t he non-
linear analysis of the networks. Newton-Raphson iteration on t he 
direct stiffne ss method is us e d. Non-linear stress s t rain behav -
iour of cables is taken i nto account and the tangen t stiffness is 
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used. Convergence is accelerated by halving the incremental 
displacements for the first few iterations. The number of iter-
ations treated in this way is a matter of judgement. The problem 
of instability of the iteration path using the tangent modulus is 
not mentioned except that the process mentioned above is probably 
included for that reason. The example of Baron and Venkatesan's 
paper, which involves yielded but not fully plastic members, is 
solved by Saafan's program in 17 iterations. (The method pre-
sented in this Report solves it in 8 iterations to the same 
accuracy). 
2. THEORY 
The force in a given member, PN (the total force) is 
calculated from 
(2) 
whe r e ~ = distance between nodes at the e nds of the member and 
~0 is its unstrained length. 
For elastic behaviour 
( 3) 
In a load i ncreme nt 6 Ri' calculate the displacement 
increments firi. 
(4) 
Then update the geometry 
(5) 
Use Equation 2 or 3 to calculate PN(i) 
The out of balance force on t he nodes will be 
T 
R - aN(i +l) PN(i) (6) 
The de rivation of aN(i+l) is given in Appendix B. 
Initially, PN(O) is the initial state of prestress in the member . 
The stiffness ki is the stiffness matrix for the whole structure. 
In the present work , the method for ca l c ulating ki is the import-
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ant feature for obtaini ng a stable iteration path . 
3. NON-LINEAR LOAD- DEFLECTION CURVES 
Cables are prestretched before use to about one half of 
their breaking force . Their stress-strain behaviour is thus 
linear elastic up to this point, and thence non-linear for higher 
stress (see Refs 6,7) . An ultimate strength or limit state 
analysis which includes this non-linear behaviour should result 
in an economic a l design. The reasons for this are, firstly that 
the cable tensions in a network usually will not increase in 
proportion to the load , because of the prestress at no load. 
Secondly, plastic deformation in cables will increase their sag, 
which tends to reduce cable tensions . Finally, cables with 
plastic deformation will, in many cases , shed some of their load 
to nearby cables with less deformation, thus making use of the 
redundant nature of the cable network. 
The stress-strain curve for a cable may be modelled in 
the form of a power law: 
e . (S/E) + (S/B)n (7) 
where e = strain , S is the stress, E is the initial elastic 
modulus, and B and n are constants to be found experimentally. 
In the present study, this curve is approximated by 
using from 2 to 6 straight lines. 
In the examples presented in this Report, the 3 line 
approximation s hown in Fig. 1 is used. 
Vl 
Vl 
UJ 
1,5 
~ ,05 
Vl 
5 
E = 2 GPa 
~I 
,005 ,010 
ST RAIN 
FIGURE 1 Stress- strain curve for cable 
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4. ITERATION INCLUDING PLASTIC DEFORMATIONS 
The inclusion of plastic deformations is an additional 
source of non-linear behaviour, and this leads to longer computat-
ion times . Also, plastic members with nearly zero tangent stiff-
nesses may cause the iteration t o become unstable. Parts of 
the mesh "oscillate" wildly from one iteration to t h e next, and 
the computation may become aborted due to zeros or negative 
values on the diagonal of the stiffness matrix . It would appear 
that when a load increment is applied and the stresses in some of 
the members exceed the yield stress, large plastic deformations 
are produced, causing relatively large global geometry changes. 
These changes produce large out of balance nodal forces, which, 
coupled with reduced elastic stiffness of the plastic members , 
cause the solution for the next iteration to bounce back under 
the equilibrium position. If the load increment is large, this 
process may diverge. 
Stability of the i t eration path can be achieved by 
using the initial elastic stiffness in all iterations. However, 
this is usually time consuming a_nd may require incremental 
loading with the recalculation of the stiffness at the beginning 
of each load step . 
For the exampl e analysed in this Report,a solution 
method is considered unsatisfactory if the number of iterations 
to convergence exceeds 20 (see Table 2). The problem is to 
find a method by which the deformations of the net due to plastic 
deformation are allowed to build up more quickly than by elastic 
increments, without causing the solution to become unstable . 
The method devised in this study is discussed in relation to a 
specific example , although the results should be fairly general. 

8 
TABLE 1 Unstressed member lengths 
Members Length (metres) 
1-5,26-30,31-35,56-60 2.04 
6 1. 82913 
10 1. 82476 
11 1. 69234 
15 1.69040 
16 1. 68954 
20 1.69321 
21 1. 82426 
25 1.82965 
36 1. 79939 
40 1. 79377 
41 1.64787 
45 1.64547 
46 1.64430 
50 1. 64904 
51 1. 79 305 
55 1. 80013 
All Others 2.0 
The input starting position for the structure (which in 
no way affects the results of the analysis) is a rough approx-
imation of the load case 1 (elastic) equilibrium position. 
The same starting position was used for all runs. 
The convergence criterion used in all the analyses given 
in Table 2 is that no component of the out of equilibriQm force 
at any node is greater than 1.5 kN. In Table 2, the quantity 
"irnbal", given for divergent (or slowly convergent) cases is the 
ratio of the maximum out of equilibrium force component to 1.5 kN. 
From Table 2, cases 10 and 12, it is seen that the tangent 
stiffness gave a divergent solution whereas E at zero stress takes 
more than 20 iteration cycles. On this basis one can try to use 
an E that lies between these two extremes and that can be chosen 
in some predetermined way. The obvious choice is to use the 
secant modulus (E5 ). The results are given in case 1 in Table 2, 
and a clear improvement to 19 cycles of iteration is noted. 
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TABLE 2 Structure PNET 
Modulus Used Load Case 1 2 3 
1. Sec ant modulus -E 19 19 15 
s 
2. 0.333 ET + 0. 667 E 13 14 11 
s 
3. 0.5 ET + 0.5 E 11 10 8 
s 
4. 0.667 ET + 0.333 E * 8 7 6 s 
5. 0.75 E + 0.25 E T s 7 
6 5 
6. o. 775 ET + o. 225 E 9 6 4 s 
7. 0.785 ET + 0.215 E >20 >20 >20 s (imbal. 23. 0} (imbal.25.4} 
8. 0.8 ET + 0.2 E >20 s (imbal. 76.4} 
9. 0.9 ET + 0.1 E Diverged s 
10. Tangent modulus -E T Diverged 
11. E for 3 iterations and 
s 
9 
lo ET 
1 
+ 10 E5 every fourth 
iteration 9 8 8 
12. E at zero stress >20 >20 >20 
(imbal. 2.4} (imbal. 1. 5 } ( i mbal. 3.8} 
* as used in final version 
of program 
At this stage, it i s informative to p lot the member force 
and member strain for me mber No. 42 o f the mesh for each iteration 
using the three moduli mentioned above (see Fig . 3). It is seen 
that the first iteration in which the net has relatively little 
distortion produces a very large plastic strain in member 42. 
When the elastic stiffness is used the steps are so small that by 
20 cycles the process has fa iled to find the true strain f or this 
membe r. In Fig . 4 the strain in member 42 is p lotted for each 
iteration, for the tangent modulus, ET. 
90 Load case 2. Member 42 
Initial E. Failed to reach solution 
80 
after 20 iterations. j V V V V V V V VVVVVVVVVVVVI 
70 
-
z 
= 60 The initial and final positions are different 
from those in the other graphs because of the 
failure of the structure to reach equilibrium 
in load cases 1 or 2. 
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The results of the first suggestion are shown on line 
11 of Table 2 and the force~strain sequence for the iterations 
shown in Fig. 6. This process converged satisfactorily when a 
modulus of (0.9 ET + 0.1 Es) was used on every 4th iteration 
and E for the remainder. 
s 
For the second suggestion, varying proportions of ET 
to Es were used. The resulting number of cycles are given in 
2 1 
Table 2, lines 2 to 9. For the case (3 ET + 3 Es), the force 
strain diagram has been drawn in Fig. 7 . The results in Table 
2 are plotted in Fig. B,and show that as ET is approached the 
cycles to convergence decrease until approximately (0.78 ET + 
0.22 Es) and then rapidly increase . 
In such a situation it is considered unnecessary to try 
for the optimum value, and so the program was arranged to use 
2 1 (3 ET + 3 Es) • 
The load deflection curves for nodes 15 and 22 are given 
in Fig. 9. It is seen that the deflection of the net greatly 
increases the stiffness. Even when members 42 and 43 become 
plastic, the net maintains considerable stiffness at the load 
point. Finally in Fig. 10, a perspective view of the net shows 
the local sagging at node 15 as the concentrated load is applied 
there. 
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6. CONCLUSIONS 
The analysis of cable net structures as presented herein 
can be adequately extended into the elasto-plastic range. There 
are problems in the convergence of the solution and also with 
the rate of convergence for stable iteration paths. By using a 
modulus of elasticity for elastoplastic members in the range 
between the secant and tangent moduli, the rate of convergence 
is greatly accelerated and it would seem that the value suggested 
in the text of (~ ET + % Es) is near the optimum. Net structures 
have the useful feature of sagging a great deal when a concen-
trated load produces local yielding. This has the dual effect 
of reducing local tensions and of transferring load to surround-
ing unyielded members. 
APPENDIX A 
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NOTATION 
area of member cross section 
transformation matrix from global to member disp
lacements 
material constant for stress-strain power law 
direction cosines of member 
vector of direction cosines 
Young's Modulus of Elasticity 
Secant Modulus 
Tangent Modulus 
strain in cable 
unit matrix (3 x 3) 
geometric stiffness of member 
nodal stiffness of cable net 
elastic stiffness of member in global coordinate
s 
tangent stiffness 
member length 
initial length 
axial force in member 
force vectors on ends of member 
node load 
node displacement 
member stress 
node coordinates 
node displacement components 
angular rotation 
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The member stiffness is: 
(17) 
where i the unstrain ed member l e ngth. Combining equations 14, 15 and 
0 
17 yields: 
T k kE PE aN aN v v N 
(18) 
which, o n multiplication, leads to: 
~ EA ~ CCT - ccTJ i T CCT o -cc (19 ) 
If the geometry of deformation of the structure is such tha t the 
equilibrium equations can be approximated accurately by using the initia
l 
position, then equa tion 18 is an adequate expression of the load - d eflect
i on 
relatio nship . In cable networks, d i spl acements cannot be conside red 
negligibl e, so equilibr i um must be considered in the distorted position . 
The geometric stiffness thus makes a significant contribution to the 
tangent stiffness of the structure .. · 
GEOMETRIC STIFFNESS 
The member displacemen t vectors v 1 , v 2 are resolved into compon e nts 
parallel to, and perpendicular to the member (see Fig . 11). 
y 
X 
z 
FIGURE 11 Line element in space 
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